We compute the finite size spectrum for the spin 1/2 XXZ chain with twisted boundary conditions, for anisotropy in the regime 0 < γ < π/2, and arbitrary twist θ. The string hypothesis is employed for treating complex excitations. The Bethe Ansatz equtions are solved within a coupled non-linear integral equation approach, with one equation for each type of string. In a restricted Hilbert space corresponding to a unitary conformal field theory (π/γ ∈ Z Z, θ an integer multiple of γ), we recover all primary states in the Kač table in terms of states with specific twist and strings. *
Introduction
Spin chains are prime examples of quantum integrable systems, the general theory of which is encoded in the quantum inverse scattering method [1] . In addition to describing real lattice systems with restricted dimensionality, they are interesting from a field theoretical point of view as integrable lattice regularizations of 1+1 dimensional field theories.
The continuum limit of the field theory is the thermodynamic limit of the spin chain, where the number of spins in the chain goes to infinity. If the thermodynamic limit is accompanied by taking the lattice spacing to zero, keeping the length of the chain constant, we get a description of the continuum field theory in finite volume.
At zero temperature, the XXZ 1/2 chain in the regime γ ∈ [0, π] is critical, and we expect conformal invariance in the continuum limit. The critical indices then appear as finite size corrections to the energy and momentum eigenvalues of the system [2, 3, 4] .
Several methods to extract the finite size corrections from the Bethe Ansatz equations exist. Some time ago, Euler-Maclaurin equations were extensively used for this [5, 6, 7, 8, 9, 10, 11] . This method provided good results for ground states and hole excitations. Treating complex excitations, however, proved rather involved [9, 11] .
More recently, a more effective method has been devised, based on non-linear integral equations (NLIEs). Two different methods to derive the NLIEs have been presented in the literature. Klümper and Pearce [12] derived NLIEs from a careful analysis of domains where the functions appearing in the Baxter equation remain analytic and non-zero. Destri and de Vega [13] used contour integral methods to derive related NLIEs. In Ref. [14] this method was further developed to treat complex excitations in the Sine-Gordon model.
In this Letter, we shall be interested in the finite volume thermodynamic limit of a twisted XXZ 1/2 chain, with anisotropy γ ∈ [0, π/2]. The twisted boundary conditions are given by a phase θ. We shall compute energies and momenta of excited states, described by complex rapidities collected in strings. We shall mainly follow the NLIE approach of Destri and de Vega [13] , and generalize it to cope with string-like complex excitations.
Finite size corrections for the twisted XXZ chain (or the related six-vertex model) were investigated using Euler-Maclaurin methods in Refs. [8, 9, 10] , and numerically in [15] . Complex exitations in the twisted six-vertex model were examined using NLIE methods in Ref. [16] . In the related restricted sine-Gordon theory (RSG), pure hole excitations were treated in the NLIE approach in [17] .
The twist boundary conditions of a XXZ chain can be given several physical interpretations. The most straight forward is to take the twist as an external parameter. This is the case of a spin chain threaded by a magnetic flux [18, 19] , where the flux acts only by twisting the boundary conditions.
In systems with restricted Hilbert space, of the RSOS / restricted Sine-Gordon / imaginary Liouville class, the twist arises directly within the theory.
The Liouville model with purely imaginary coupling, described by a rational γ/π = µ/(ν + 1), is a c < 1 minimal conformal field theory. For µ = 1, the CFT is unitary. In [20] an integrable structure was found for the lattice Liouville model with imaginary coupling, which for rational γ/π belongs to the twisted XXZ 1/2 class. A twist proportional to γ arises at each site of the chain. The total twist depends on the length of the chain; θ = κγ, where κ is the remnant of the length of the chain, N mod (ν + 1). By truncating the zero remnant sector out of the theory, the results of canonical quantization were recovered. A similar interpretation can be given to the twists arising in restricted Sine-Gordon theory, see e.g. [17] .
Accordingly, we consider the spin 1/2 XXZ chain with rational γ/π, and a suitable collection of twist boundary conditions, to be the lattice regularization of the Liouville model in the statistical regime. The excited states we consider here, described by strings and string-induced holes, reproduce all the primary critical indices in the Kač table in the unitary case. For non-unitary minimal models, some primaries lie outside the region of validity of the calculations presented here.
The case of irrational γ differs radically from what is explained above. The coupling and chain length are now incommensurate, and there is no quantum group reduction. The continuum limit is a c = 1 CFT.
Twisted Bethe Ansatz equations for strings
We consider a spin 1/2 XXZ chain with 2N sites, with anisotropy γ, and boundary conditions twisted by the angle θ:
The L-matrix, satisfying the fundamental commutation relation RLL = LLR, is
The L-matrix is normalized so that for λ = i γ/2 it degenerates to a permutation operator between the auxiliary and quantum spaces. Using this L-matrix, we can write the transfer matrix of the chain, and build the eigenstates of the transfer matrix using the algebraic Bethe Ansatz. We describe the eigenstates of the transfer matrix in terms of real roots λ j , j = 1, ...n 1 , as well as (positive parity) strings of complex roots of the form λ l,j + i nγ , n = −(l − 1)/2, . . . , (l − 1)/2. The number of l-strings is n l , and the total number of roots is l l n l = N − S, where S is the number of Bethe roots lacking from the maximal number of roots N, i.e. the z-component of the total spin of the chain. Here we shall concentrate on investigating states with vanishing spin. Moreover, we take γ < π/2, and for technical reasons we restrict the range of the string length so that kγ < π.
The Bethe Ansatz equations solved by the rapidities λ k,i giving a Bethe state are
where the string-string scattering matrix is
To solve these equations, it is beneficial to write them in a logarithmic form. For this, we define the phase function
For real argument λ, the phase function φ m is a continuous monotonic function. We choose the branch of the logarithm so that it is antisymmetric with respect to the origin. Using the phase function, we further define the momentum function
the string-string scattering phase
and the counting functions for l-strings
In terms of the counting functions, the Bethe equations (3) become
where the quantum numbers I l,i encode the choice of branch of the logarithm. They are integers or half integers when n l is even or odd, respectively. Due to the fermionic character of Bethe states, all integers for a specified string length, I l,i , i = 1, . . . , n l , should be distinct. The basic assumption one makes in treating the Bethe equations for real rapidities λ, is that the monotonicity of 2NP 1 is sufficent to make the counting function z 1 overall monotonic. This allows one to find the spectrum of the quantum numbers I 1,i . Indeed, assuming monotonicity, z 1 /2π takes all the (half) integer values between z 1 (−∞)/2π and z 1 (∞)/2π exactly once. The only freedom we are left with in determining the spectrum of the I:s lies in the choice of the overall branch of the counting function z 1 , which is irrelevant. Possible non-monotonicity would induce additional holes close to the Fermi points [14] . These don't effect the quantities calculated here. As opposed to z 1 , the higher string counting functions z k are not generically monotonous.
For a configuration characterized by the higher string occupation numbers n k , k > 0, and S = 0, we have the asymptotic values
If n k = 0 for some k, it is clear that there are more vacancies between z 1 (−∞) and z 1 (∞) than those occupied by the Bethe Ansatz roots. These unoccupied vacancies are called holes, and they correspond to zeros of the eigenvalue of the transfer matrix (as opposed to Bethe Ansatz roots, which correspond to poles with zero residue). The number of holes in the distribution of real roots is
a k-string gives rise to 2(k − 1) holes. The ground state is given by the configuration where there are no complex roots, and a maximal number of real roots, i.e. n 1 = N, n k = 0, k > 1, S = 0. From Equation (11), it is easily seen that there are no holes; in the ground state all vacancies are filled.
In the thermodynamical limit, low-lying exitations above the ground state are characterized by configurations where some higher strings are exited, as well as possibly some extra holes (S might differ from zero), but the only macroscopic occupation number is the one of real roots, i.e. only n 1 ∼ N.
Here, to facilitate the analysis, we shall be interested in configurations where in addition to real roots (1-strings), there are only one higher string of length k.
Now we make use of the Destri -de Vega method [13] to derive an integral equation equivalent to the Bethe equations. The derivative of the function
acts as a density of real roots and holes in contour integrals; it has first order poles at all allowed 2π × (half) integer values of z 1 (λ), with residue one. Accordingly, for a function f analytic within the contour,
where the integration path Γ surrounds the roots and holes counterclockwise. Stretching Γ to ±∞ ± i ǫ, one gets for the counting functions of 1 and k-strings, generalizing the results of Ref. [13] to encompass strings and holes,
Here we have denoted the rapidities of the holes with µ m , m = 1, . . . , h, and the rapidity of the k-string with ζ. The shifted convolutions are defined as
The function σ, arising from the action of an inverse convolution on the momentum function, is
Similarly, the functions F , giving the hole and string contributions, are defined as
The measure of the convolution has a 2π denumerator, as in (16), and 1l(λ) ≡ 2πδ(λ). The kernels G of the integral equations are acquired by differentiation:
The function F kk , which encodes the effect of the k-string on itself, is
It is remarkable that the z k equation doesn't have any inhomogenity arising from the momentum functions. This follows from the identity P k = G 1k * P 1 , which can be preoved by Fourier transforming. The constant terms linear in the twist θ are renormalized by the integration over the inverse convolution (1l + Φ ′ 11 ) −1 .
For computing the finite size corrections, one takes N large but not infinite. From the functional form of the source term, 2Nσ, one can see that the Fermi points are close to λ = ± log N. To treat the excitations close to the Fermi points, one defines the so called kink counting functions,
The configurations of holes and strings that can be treated exactly in this limit are such that all holes and strings are either close to one of the Fermi points, or well away from both. Here, we shall assume that every hole and string is in the vicinity of one of the Fermi points. We parametrize the hole rapidities as
The total number of holes is h = h + + h − . Similarly, the string rapidity is ζ = ζ ± ± γ π log 4N, and the position of the string close to one of the Fermi points is encoded in n ± k ∈ {0, 1}. The contributions of the holes and strings situated close to the opposite Fermi point are just factors of F (±∞).
The only non-trivial scaling behavior comes from the function σ. Indeed, subtracting the bulk contribution, one has for values of λ close to the Fermi points
We get the following coupled non-linear integral equation for the kink counting functions:
where we have used the scaled density integral A ± = log 1 + (−1) n 1 e i z ± , and the inhomogenity functions
where the constant terms are
For extracting energy and momentum eigenvalues from the scaled NLIEs (23), one needs to know the asymptotic behavior of the scaled functions. At ±∞ we have z ± 1 (±∞) = ± πn k (k − 2) + 2θ. At ∓∞ we get from the kink equation (23),
Due to the infinitesimal ǫ in Im A(λ + i ǫ) ≡ Im ǫ A, its value is always between −π/2 and π/2. It is a sawtooth function, with a step-function jump of −π at each root or hole position, smoothened out by ǫ. The asymptotic values of the scaled density integrals, close to the Fermi points are thus
where ⌊•⌋ denotes the integer part of •. It should be noticed that at ±∞ the imaginary part operation can glide through the G 1l to act only on A, up to a correction that vanishes like ǫ log ǫ.
In the opposite asymptotic regime, deep in the bulk, the small but finite ǫ lets z ± 1 ′ (∓∞) dominate, and Im ǫ A ± (∓∞) = 0 .
The Finite Size Spectrum
At the external rapidity λ close to i γ/2, the dominating contribution to the eigenvalue of the transfer matrix is given by
We expect local integrals of motion at the point λ = i γ/2, where the L-matrix (2) degenerates to a permutation operator [21] . The corresponding momentum and energy eigenvalues of a Bethe state are P ({λ l,j }) = i log Λ( i γ/2; {λ l,j }) = π n l + θ + l,j P l (λ l,j ) mod 2 (29)
Using the logarithmic Bethe equations (9), we express the momentum in terms of the quantum numbers I:
To compute the energy eigenvalues, we once more employ the contour integral method (13) for the sum over rapidities of real roots λ 1,j . Doing this, we get
The dependence of the string rapidities ζ k is only indirect, coming through the Bethe equations in the NLIE form, when evaluating the last two terms. The 1/N corrections to the energy come from the parts of the second integral in (32) that are close to the Fermi points, as well as from the third term. From Equation (17) we have σ ′ (λ) = π γ (2 cosh π γ λ) −1 , which is exponentially peaked around the origin. From the asymptotic analysis of Im ǫ A, we know that close to the thermodynamic limit, Im ǫ A ′ vanishes as a double exponential when one goes in to the bulk from the Fermi points. For large N, the main contributions to the second integral in (32) thus comes from the vicinity of the values λ = µ ± γ π log 4N, where σ ′ is exponentially vanishing. Moreover, the hole rapidities in the last term of (32) are also taken to be close to one of the Fermi points, as in Equation (21).
After these considerations, the finite size corrections to the energy are given by
where the contributions of the right and left ends of the rapidity spectrum are
Using the scaled NLIEs (23), these can further be reduced to
where Ω is defined in Equation (24). The last integral can be evaluated by the standard dilogarith trick, see e.g. [13, 14] . For the densities A ± and the inhomogenities Ω ± satisfying equations of the form (23), and with boundary conditions (26,27) for A ± , we have
The constant terms C l can be avaluated using F 11 (±∞) = ±π ∓ 1 2 π 2 π−γ and F 1k (±∞) = ±kπ ∓ (k − 1) π 2 π−γ . Finally, we have to evaluate the sums over the integers I ± . For this, we take a distribution where all 1-strings are in the bulk, so that no holes intermeddle with the roots (Fig 1. ). Thus the quantum numbers I + 1,m for the positive holes run from (k − 1)/2 − h + − ⌊1/2 − θ/π⌋ to (k − 3)/2 − ⌊1/2 − θ/π⌋, and those of negative holes from (3 − k)/2 − ⌊1/2 − θ/π⌋ to (1 − k)/2 + h − − ⌊1/2 − θ/π⌋. Moreover, from the assumption that we have Bethe spin S = 0, we have h + + h − = 2k − 2.
For positive and small θ, and small γ, the k-string is forced to be close to −∞, and the corresponding integer I k is zero. In the generic case, the string may be close to either Fermi point, and I k may get non-vanishing values. Here, we only consider vanishing I k .
The finite size energy of the state described above evaluates to
where the signs now correspond to the string being close to ±∞. The major novel feature as compared to earlier treatments of the problem [8, 9, 10, 15, 16] , is the integer part cut acting on θ in θ π , c.f. (26). It should be stressed that this shift is not just related to the trivial choice of branch of the counting functions. Rather, it encodes changes in the structure of the Hilbert space for different values of θ. From the point of view of an adiabatic excursion in θ, the integer part cut counteracts the changes in h ± when θ flows past a point where the spectrum of vacancies is changed. This, on the other hand, effects the degeneracies of secondary states built by driving some of the holes into the bulk. With the distribution of 1-strings as described, it is now an easy task to compute the momentum (31). This turns out to be
From this we see that states with vanishing conformal spin (vanishing finite size correction to the momentum) have
The corresponding energies are
i.e. the integer part cuts vanish. The twisted ground state energy is
corresponding to a central charge c θ = 1 − θ 2 /6π(π − γ). This coincides with earlier treatments of the problem.
For generic values of θ and γ < π/2, the k-string may be either at ±∞ or at 0, depending on the values of k, γ and θ. Moreover, not all string legths are allowed for all γ and θ, nor all combinations of h ± and n ± k . Apart from the Takahashi-Suzuki conditions [22] that restricts allowed string lengths, one has to treat the Bethe Ansatz equation for z k to find the allowed values of I k . For our purposes, it suffices to quote the restriction found by Karowski [9] . Analyzing the lower bound of z k in the case γ = π/(ν + 1), gives the condition
for having I k = 0.
Discussion of the Result
Depending of the physical system, we get different interpretations of the result. For the XXZ chain threaded by a magnetic flux, the ground state energy for small γ is exactly (41), with the central charge c θ . Adiabatic excursions of the energies and level-crossings can be explicitely investigated. For full comparison with the results of [18, 19] , negative parity strings have to be encorporated into our treatment, as these play a role for larger values of γ.
As explained in the introduction, imaginary coupling Liouville theory can be described by a collection of twisted XXZ chains, if γ/π = µπ/(ν + 1) is rational 1 .
The twists are quantized in terms of γ; θ = κγ, κ = 0, . . . , ν. The consistent quantum group restriction of the Hilbert space comes about by restricting κ to be nonvanishing. Thus the ground state is in the sector with κ = 1, reproducing c = 1 − 6γ 2 /π(π − γ) .
(43) Following Cardy [4] , the critical indices of the corresponding primary states are given by the equation E exited − E o = 2π N (∆ +∆). Using this, we have (with the string close to −∞)
The primary states are thus given exactly by different combinations of twist and a complex string. Superficially, the table would seem to yield critical indices related to non-existent primary operators. These, however, are related to configurations forbidden by consistency conditions of the type discussed at the end of the previous section. Indeed, the with the restriction (42), the unitary primary states are exactly the ones described above. For the non-unitary minimal models, some primaries are left out due to the technical restriction adopted in this paper to facilitate the analysis, kγ < π.
To conclude, we want to comment that the string picjture should not be necessary for deriving the results of this paper. In Ref. [14] , wide and close pairs were used to describe complex excitations. This approach could certainly be generalized to twisted boundary conditions in the XXZ chain. The strings, however, provide a good tool which singles out very specific combinations of wide and close pairs that correspond to primary states in the critical theory.
